The uncertainty relation is a distinguishing feature of quantum theory, characterizing the incompatibility of noncommuting observables in the preparation of quantum states. Recently, many uncertainty relations were proposed with improved lower bounds and were deemed capable of incorporating multiple observables. Here we report an experimental verification of seven uncertainty relations of this type with single-photon measurements. The results, while confirming these uncertainty relations, show as well the relative stringency of various uncertainty lower bounds.
I. INTRODUCTION
The uncertainty relation lies at the heart of quantum theory, and plays an important role in quantum information sciences. For example, it is crucial in the studies of quantum cryptography [1, 2] , entanglement detections [3, 4] , quantum steering [5, 6] , quantum nonlocalities [7, 8] , and so on. The original concept of the uncertainty relation was introduced by Heisenberg while demonstrating the impossibility of the simultaneous precise measurement of the position and momentum of an electron [9] . Later, Kennard [10] , Weyl [11] , Robertson [12] , and Schrödinger [13] derived mathematically rigorous uncertainty relations, among which the most famous one is the Heisenberg-Robertson uncertainty relation
Here ∆A 2 and ∆B 2 are variances of observables A and B. The uncertainty relation (1) states that the product of the variances of the measurement results of the incompatible observables is lower bounded by the expectation value of the commutator [A, B] , which may be zero even when neither of the two variances is.
To get a better lower bound, Maccone and Pati proposed the following uncertainty relations [14] : where ψ|ψ ⊥ = 0, |ψ ⊥ A+B ∝ (A + B − A + B )|ψ , and the sign on the right-hand side of the inequality (2) takes +(−) when i ψ|[A, B]|ψ is positive (negative). After these, more state-dependent [15] [16] [17] [18] [19] [20] and state-independent [21] [22] [23] [24] [25] [26] lower bounds of uncertainty relations were also obtained. The generalization and improvement mainly focused on the uncertainty relation capable of dealing with more than two incompatible observables, i.e., the Heisenberg-type uncertainty relation for three canonical observables [27] , uncertainty relations for angular momentum [28] , and arbitrary incompatible observables [17] . There are also uncertainty relations with even more incompatible observables formulated in products [29, 30] or sums [31] [32] [33] of variances.
Equations (2) and (3) were tested in [34] , and an uncertainty relation of triple spin components of qubit systems was carried out in [35] . Though there is a growing number of uncertainty relations involving multiple incompatible observables, fewer experiments have been carried out in testing their validity [35] . Meanwhile, as these uncertainty relations differ by lower bounds, an experimental investigation not only provides a verification, but also a ranking of the uncertainty relations over their lower bounds.
In this paper, we report a systematic experimental investigation of uncertainty relations, where three uncertainty relations for triple observables and four for N observables are tested with single-photon measurements. With the qubit-system experiments, the results verify the validity of these uncertainty relations, and the superiority of our proposed uncertainty relations [17, 33] is also exhibited.
II. THEORETICAL FRAMEWORK
The uncertainty relation, as one of the most fundamental elements of quantum mechanics, captures the incompatibility of noncommuting observables. The conventional Robertson-type uncertainty relations concern only two observables. However, in practice, more incompatible observables may appear in the measurement, e.g., angular momentum has three noncommuting components. Hence, it is important to study uncertainty relations for multiple incompatible observables. Although uncertainty relations for three canonical observables [27] and angular momentum [28] exist, our discussed ones are universally valid for arbitrary observables.
A. Uncertainty relations for triple and N observables
In [17] , two uncertainty relations for triple observables were proposed. The first one reads 
Equation (5) is definitely stronger than the generalization of the Heisenberg-Robertson uncertainty relation, i.e., a simple addition of three pairwise uncertainty relations as the following:
Note that Eq. (5) has been verified using single spin measurements in diamond afterwards [35] .
For the case of N incompatible observables, one has the following two inequalities from inequality (3):
But these two relations can be further improved. A stronger uncertainty relation for N observables was de-rived by Chen and Fei [32] , i.e.,
which has a tighter lower bound than the relation (7) [32] , but it is not always tighter than the inequality (8) [33] .
In [33] a stronger uncertainty relation for N incompatible observables was found, i.e.,
which has a more stringent bound than the uncertainty relations Eqs. (7), (8) , and (9) in qubit systems.
B. Measurements in qubit systems
Here we choose the following three Pauli operators as three incompatible observables:
and a qubit state parameterized by θ and φ as
where |0 and |1 are eigenstates of σ z corresponding to the eigenvalues 1 and −1,
The variances (∆σ i ) 2 = 1 − σ i 2 , (i = x, y, z) can be computed by the measured expectation values of σ i . All the terms on the left-hand side (LHS) of relations (4), (5) , and (6) can be rewritten
The right-hand side (RHS) of relation (4) can be rewritten as ( 
Similarly, we can rewrite the terms on the RHS of relations (5) and (6) 
Hence, the relations (4), (5) , and (6) can be expressed as
All the terms on the LHS of relations (7), (8), (9) , and (10) can be rewritten as 3 − V . The terms on the RHS of inequalities (7) and (8) can be rewritten as (3 − V − D)/2 and (3 − V + D)/2, respectively. Hence, inequalities (7) and (8) can be expressed as
Similarly we can write relations (9) and (10) in the following forms:
where
In this way, the quantities in Eqs. (15) to (21) constitute all the measurements that we need for the experimental verification of these seven relations in qubit systems.
III. EXPERIMENTAL IMPLEMENTATION
We experimentally verify and compare the uncertainty relations of Eqs. (4) to (10) to single-photon measurements. Figure 1 shows the experimental setup. There are two stages, the preparation and projective measurement of quantum states. In the preparation stage, photon pairs with wavelength 810 nm are generated via type-II spontaneous parametric down-conversion (SPDC) in a 2-mmthick nonlinear-barium borate (BBO) crystal, pumped by a 405-nm continuous wave diode laser with 77 mW of power. We use a half-wave plate (HWP) and a 1-mm BBO in each path to compensate the birefringent walkoff effect in the 2-mm BBO. The trigger photon in the upper path and the signal photon in the lower path are simultaneously detected by two single-photon avalanche We prepare a qubit in two series of quantum states and use the horizontal and vertical polarizations of the photon to encode the basis states |0 and |1 , respectively. The signal photon is initialized to the state |0 by a polarizing beam splitter (PBS) then passes through a quarter wave plate (QWP, Q1), a half-wave plate (HWP, H1), and Q2 in the state preparation stage. By setting angles of the Q1, H1, and Q2, we can get the Eq. (14) qubit state |ψ(θ, φ) = cos(θ/2)|0 + e iφ sin(θ/2)|1 under two different conditions: (i) For φ = 0, we choose θ = nπ/12 (n = 0, 1, ..., 12), i.e., a total of 13 states, (ii) For θ = π/3, we choose φ = nπ/12 (n = 0, 1, ..., 24), i.e., a total of 25 states. In the measurement stage, Q3, H2, and PBS are used to realize the projective measurement of the observables σ x , σ y , and σ z under some certain angles of Q3 and H2.
In Fig. 2 , we show the experimental verifications of the uncertainty relations (4), (5) , and (6) . We use the states |ψ(θ, 0) = cos(θ/2)|0 + sin(θ/2)|1 and |ψ( π 3 , φ) = √ 3/2|0 + e iφ /2|1 in Figs. 2(a) and 2(b), respectively. Our experimental results fit the theoretical predictions well. By comparison, all experimental data of our uncertainty relation (5) are above the generalization of the Heisenberg-Robertson uncertainty relation (6) , which means that our inequality (5) is better than relation (6), while our other relation (4) is better in some areas.
Similarly, in Fig. 3 , we plot the experimental results of uncertainty relations (7) , (8) , (9) , and (10) for N = 3 using states |ψ(θ, 0) and |ψ( π 3 , φ) in Figs. 3(a) and 3(b) , respectively. Our experimental results fit the theoretical predictions well. The results also show our uncertainty relation (10) is much stronger than relations (7) , (8) , and (9) in qubit systems.
The LHS of all inequalities [(4), (5) , and (6) and (7) , (8), (9) , and (10)] is the sum of the variances of three Pauli operators, which is constant for the family of states (14) and equal to 2. The experimental results for (∆σ x ) 2 + (∆σ y ) 2 + (∆σ z ) 2 fit the theoretical predictions well. All the RHS of these seven inequalities can be compared together, including the uncertainty relations for N observables (N = 3). We find that the uncertainty relations (4), (5) , and (10) usually have more stringent lower bounds than others as shown in Figs. 2 and 3 .
The experimental errors can occur due to the fluctuation of photon counts and the imperfection of wave plates. For the same quantum state, even though the original data errors are identical, the final errors of lower bounds of different inequalities are not equal because the errors' propagation of different functions are different. For instance, in Fig. 3(a) the error bars of the lower bounds of relations (9) at θ ≃ π/4 and (10) at θ ≃ 3π/4 are longer than the others because their error transfer coefficients at the corresponding point are much larger.
Note that the lower bounds plotted in Figs. 2 and 3 are all state-dependent, so they can be expressed in terms of Bloch parameters of the quanum state in (14) . Since σ x = sin θ cos φ, σ y = sin θ sin φ, and σ z = cos θ, all the bounds can be reformulated with θ and φ. Similarly, if we consider the density matrix of a polarized qubit as
where S i (i = 0, 1, 2, 3) are Stokes parameters characterizing the polarization state and σ i are the Pauli matrices [36] , then we can write σ i = S i /S 0 . Hence all terms in Eqs. (15) to (21) can be reformulated with the Stokes parameters as
These expressions are a heuristic for the further experimental study of classical light, i.e., it is an interesting question to explore the possible quantum behaviors of classical light with Stokes parameters.
IV. CONCLUSION
In this work we report an experimental verification of three uncertainty relations for triple observables and four uncertainty relations for N observables with single photon measurements. It is demonstrated that these uncertainty relations are valid for states of a spin-1/2 particle. Meanwhile, the experimental measurements exhibit the relative stringency of various uncertainty lower bounds, that is to say stronger or less stronger, within our experimental configurations. The present work enriches the experimental studies of multiple observables uncertainty relations, which are more general than pairwise ones in the discrete-dimensional Hilbert spaces. It is expected that the multi-observable uncertainty relation also needs to be tested with higher-dimensional systems, as the uncertainty relations are not only of fundamental importance to quantum theory, but also crucial to the quantum information technology like quantum precision measurement.
